For a given many-electron molecule, it is possible to define a corresponding one-electron Schrödinger equation, using potentials derived from simple atomic densities, whose solution predicts fairly accurate molecular orbitals for single-and multi-determinant wavefunctions for the molecule. The energy is not predicted and must be evaluated by calculating Coulomb and exchange interactions over the predicted orbitals. Transferable potentials for first-row atoms and transition metal oxides that can be used without modification in different molecules are reported. For improved accuracy, molecular wavefunctions can be refined by slightly scaling nuclear charges and by introducing potentials optimized for functional groups. For a test set of 20 molecules representing different bonding environments, the transferable potentials with scaling give wavefunctions with energies that deviate from exact self-consistent field or configuration interaction energies by less than 0.05 eV and 0.02 eV per bond or valence electron pair, respectively. Applications to the ground and excited states of a Ti18O36 nanoparticle and chlorophyll-s are reported.
I. Introduction
In earlier work, (Nazari and Whitten, 2017), we described a method for predicting wavefunctions using simple atomic potentials. 1 The prediction of wavefunctions by methods other than selfconsistent field calculations has a long history and the earlier work describes some of the many ways one can approach the problem such as using hybridized orbitals, localized bond orbitals and expansion methods based on electrostatic error bounds. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Local bonding constructions can be used to partition large systems into interacting components. Ruedenberg, Head-Gordon and coworkers and have discussed how localized orbitals can be used to construct and analyze molecular wavefunctions. [3] [4] [5] Methods have been developed to solve for localized orbitals directly and other investigations have used bonding parameters obtained for molecular fragments or localized components to describe large systems. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] If the objective is simply to determine an initial field for an SCF calculation, there are many options. The simplest is to construct an approximate electron density by summing over atomic densities. 14, 15 In our earlier work and in the present work, a one-particle Schrödinger equation is constructed for a given many-electron system such that its solution matches as closely as possible (to within a unitary transformation) the many-electron SCF solution using the same basis. Simple atomic potentials are shown to exist that predict fairly accurate solutions. These are not densities corresponding to the atomic wavefunction per se, but instead are special densities that generate the optimum mixing of basis functions. The existence of such potentials might seem unlikely given the complexity of the Fock operator that correctly determines the mixing of basis functions to form molecular orbitals. However, we show that is not the case, and that one-electron potentials exist that predict remarkably good molecular orbitals for single-determinant and multi-configuration wavefunctions. The energy is not predicted and must be evaluated by including electron repulsion integrals over the molecular orbitals -the result is an upper bound on the exact energy of the system, i.e. the method is variational.
In the present work, we focus on transferable potentials for first-row atoms and transition metal oxides that can be used without modification in different molecules. For improved accuracy, it is shown that molecular wavefunctions can be refined by slightly scaling nuclear charges and by introducing potentials optimized for functional groups such as -COOH and -NH2. The goal is to predict very accurate molecular orbitals for arbitrary systems. For a test set of molecules representing different bonding environments, transferable potentials give wavefunctions with energies that differ from exact SCF or configuration interaction (CI) energies by less than 0.05 eV and 0.02 eV per bond or valence electron pair, respectively. The error is further reduced by scaling nuclear charges. In many cases, the orbitals are found to be accurate enough for direct use in configuration interaction calculations, bypassing completely an SCF calculation. In the present work, potentials are determined in the context of many-electron theory, but the same argument could be applied to density functional calculations.
II. Method
We begin by considering a molecule or other system described by the Schrödinger equation
with electrons and nuclei designated by i and q, respectively, and associate with the system a modified Hamiltonian, H 0 , that contains additional one-particle potentials for each nucleus, νqi , 
III. Basis set
The basis for each atom is a near Hartree Fock set of atomic orbitals plus extra two-component sand p-type functions consisting of the two smaller exponent components of the Hartree-Fock atomic orbital. We refer to this as a double-zeta basis. The atomic orbitals are expanded as linear combinations of Gaussian functions. The number of components is large since the atomic orbitals are of Hartree-Fock accuracy. The basis can be described as 1s (10), 2s(5), 2p(5), 2s′(2), 2p′(2), for C,N,O , 2p(6) for F, and 1s(4), s(1) for H where the number of Gaussian functions in each orbital is indicated in parentheses. The larger basis set used in the extended treatment of glycine contains d-functions and chlorophyll contains an additional p-orbital in the π-system. For Ti, Fe and Ni, the basis is a highly optimized 1s(12), 2s(10), 2p(7), 3s(7), 3p(6), 3d(4), 3d'(2), 4s(4), 4s'(1), and 4p(2) expansion giving atomic ground states close to the Hartree-Fock limit. The same basis omitting the 4p is used for Ti18O36. In the transition metal systems, the 1s, 2s and 2p atomic orbitals are assigned to an invariant core and all other basis functions are orthogonalized to these orbitals. No core potentials were used in the present calculations so that the predictive capability of the method could be fully tested. 
IV. Applications
In this section, applications using the Vqc densities (potentials) defined in Table I are reported for a test set of 20 molecules. Refinements using functional group potentials and in situ Z-scaling of the nuclear charge are also included. Wavefunctions are predicted, energies are evaluated, and results are compared with all-electron SCF and CI calculations using the same basis. 17 We refer to the latter canonical SCF solution and CI calculation as "exact" for the given basis. All atoms with the same atomic number in the same molecule have the same Vqc potential. This constraint is relaxed when functional group potentials are used, and the local environment is further improved by Z-scaling. Since the exact Hamiltonian is used to evaluate the energy of the predicted wavefunction, the energy is variational.
In the CI calculations, the SCF step is eliminated completely and molecular orbitals produced by solving the one-electron potential problem are used directly in the CI. As noted earlier, the QCmethod only predicts orbitals: Coulomb and exchange integrals over molecular orbitals are required for the single-determinant energy and all two-electron integrals are needed for the CI calculations. The "exact" CI calculations used for comparison are performed using canonical SCF occupied and virtual orbitals, i.e., no transformation of orbitals is used to improve the convergence.
The plan is as follows: First, calculations on several representative molecules are discussed in detail beginning with the use of Vqc potentials and then including functional group and Z-scaling refinements. The results of these studies are reported in Table 2 . Results for the larger test set of molecules are summarized in Table 3 . Calculations on NiO, FeO and TiO2 are then discussed and an application of the Ti and oxide potential to an all-electron treatment of the ground and excited states of Ti18O36 using a flexible double-zeta set of d-orbitals is described. The present study concludes with a treatment of the ground and excited states of chlorophyll-a using functional group Vqc potentials and Z-scaling.
Calculations on representative molecules
In this section, calculations on several representative molecules are described. The hierarchy in accuracy of the calculations and entries in Table 2 are as follows: 1) transfer potentials (from Table 1) 2) functional group potentials (from Table 1) 3) Z-scaling by variation of Z Applications 1) and 2) are simple since only one single-particle equation is solved. Calculation 3) requires repetition of the single-particle solution in the molecule as charges are varied. The latter calculation can be done quickly by various numerical methods (the simplex method is used in the present work) since the variations in charge are small, ~ 0.01. Note that only the energy requires evaluation in the many-electron calculation and no Fock matrix construction is necessary. Important conclusions from the results in Table 2 can be summarized as follows:
1) The 1-determinant energies from the Vqc potentials differ from the exact by less than 0.012%, 100(error/total E); for those molecules with a functional group potential, the error is reduced to 0.0085%. Error limits are approximately the same for the full test set of molecules as reported in Table 3 . These 1-determinant errors translate into a maximum error of 0.05 eV per valance electron pair for all molecules studied. If the purpose of the calculation is only to generate an initial field for an SCF calculation, then the Vqc method provides an excellent solution.
2) The atomic and functional group potentials show remarkably small errors at the small CI level (~10 2 dets) differing from the exact by only 0.007% . For the large CI ( ~10 4 dets) the maximum error of 0.005% occurs for chlorin. Similar CI errors are also found for the larger test set of molecules. The worst case corresponds to an error of only 0.02 eV/valence electron pair.
3) For the smaller molecules in Table 2 , there is no error at the CI level and the Vqc orbitals may give a lower energy than obtained for the canonical SCF orbitals. Canonical SCF orbitals produce virtual orbitals that are equivalent to negative ion orbitals and are often too diffuse spatially for optimum correlation by CI expansions. This is a well-known effect and virtual orbitals are often transformed by positive-ion calculations or exchange maximization to improve convergence. The Vqc orbitals, since they arise from a one-particle potential, are the same "quality" for occupied and unoccupied orbitals. Thus, the energy of the leading determinant is slightly higher for the Vqc solution, but the CI convergence is improved compared to that based on canonical SCF orbitals.
4) The errors for the large CI calculations are small and to the extent that such errors are tolerable, this means that the Vqc orbitals can be used directly in the CI or for other orbital based correlation methods eliminating the SCF step completely.
5) The results in both tables show Z-scaling can significantly reduce the error of the singledeterminant solution. For all molecules studied, the CI energy is also improved, but often only slightly. The Z-scaling refinement becomes more worthwhile if there are unusual bonding environments such as ionic charge distributions or if the correlation method requires a better leading determinant solution.
Of course, it is not surprising that the CI errors are greatly reduced compared to the singledeterminant errors since CI expansions recover part of the defect in molecular orbitals. If the CI calculations were complete all molecular orbital sets that are related by a linear transformation would give the same result. In general, CI expansions are not complete, however. In the present calculations, configurations are generated by a hierarchical procedure 17 that includes excitations from determinants in the expansion with coefficients greater than 0.02 if the second order energy of interaction with the initial expansion exceeds 1x10 -6 hartrees. The resulting expansions contain 10 4 -10 5 determinants in the test set of molecules and thus the treatments are not near the full CI limit. The fact that small residual errors exist means that defects in occupied orbitals are not fully recovered. For the larger systems of chlorin, Ti18O36 and chlorophyll, the latter two will be discussed later, the active CI space does not include all electrons of the system and adjustments of the lower energy orbitals cannot occur. Thus, it is encouraging that the CI errors turn out to be relatively small for these systems. a The Vqc potential for a given atom is the same in each molecule as defined in Table 1 . b Energies are in hartrees. A negative value for the error indicates that the exact value is the lowest energy.
Transition metal oxides
Transition metal systems are more difficult to treat by electronic structure methods because of closely spaced states arising from different d-orbital occupancies and spin multiplicities. An SCF calculation on the lowest energy state produces orbitals that are not optimum for a different doccupancy and to describe multiple states may require many determinants to recover from this defect. In this section, we consider several transition metal oxides and describe all systems using the oxygen (oxide) potential defined in Table 1 . The Vqc potentials for Ni, Fe and Ti were obtained by optimizing the triplet ground states of NiO, FeO, TiO keeping the oxide potential invariant. The resulting potentials are also given in Table 1 . These potentials were then used without change to describe ground and excited states of NiO, FeO, TiO2 and the nanoparticle Ti18O36. Related work on metal-metal bonding for transition metals is in progress. 18 The oxide calculations are summarized in Table 4 . Several points are noteworthy. First, a Vqc potential may not automatically produce the lowest energy state if the molecular orbitals are occupied in the order produced by the single particle Hamiltonian. This is not an obstacle, since the occupancy can be selected by inspection or obtained by performing a small CI calculation. Both single-determinant and small CI energies are reported in Table 4 for the various states. Second, for all systems studied, the Vqc molecular orbitals provide a better choice of orbitals for the CI expansion than those of the canonical SCF solution. As pointed out earlier, the latter virtual orbitals correspond to negative ion orbitals and often are too diffuse spatially to provide a good expansion basis. In the limit of a full CI calculation, none of these details matter since the resulting energies and wavefunctions are the same for any set of molecular orbitals related by a linear transformation. However, in practice, when the CI calculation is incomplete, an improved set of molecular orbitals is advantageous. When a Vqc potential is used, the leading determinant has a slightly higher energy than for a canonical SCF calculation, but the CI convergence is faster.
Note that even at the small CI level of a few hundred determinants, the Vqc energies are comparable to or better than the canonical SCF values. Chlorophyll-a
In this section, we consider the ground and low-lying singlet and triplet states of chlorophyll-a. The Mg-4N-region of the molecule, depicted in Fig. 1 is a major factor in determining the properties of the molecule. Instead of developing a potential for Mg, we determine instead a potential for the Mg-4N functional group by direct optimization of the chlorophyll molecule in which Vqc potentials for C, O, and H are used for the remainder of the system. The resulting functional group potential is used along with the other potentials to calculate the ground state wavefunction (molecular orbitals) of the molecule. The energies of the ground and excited state are then calculated using these molecular orbitals and the exact Hamiltonian, i.e., calculating all electron repulsion integrals over molecular orbitals. Because of the large size of the system, of the 185 doubly occupied orbitals in the ground state, 167 orbitals are taken to be in an invariant core and only a total of 99 occupied and virtual orbitals are used to describe the 36-electron active space in the CI calculations. Table 5 summarizes the calculations on the ground and excited states using the invariant potentials. First, we note that the ground state total energy differs by 0.317 hartrees from the exact single determinant SCF calculation, an error of 0.013 %, comparable to that found for the molecules discussed previously. The transition energies to excited states reported in the Table 5 are in good agreement with the values from canonical SCF orbitals for all states considered.
Next, we refine the description of the molecule by Z-scaling of selected atoms, i.e., Mg, N, and the three types of O atoms that occur in the molecule (a total of eighti r  potentials). The ground and excited states from this calculation are also reported in Table 5 . Although the single determinant energy improves slightly, there is only a minor change in transition energies. Thus, the Vqc and Z-scaling treatments and the exact calculation are all in fairly good agreement. As noted earlier, the somewhat smaller excitation energies from the Vqc and scaling treatments may be more accurate than those obtained using canonical SCF orbitals from the ground state SCF solution. 
V. Conclusions
For every molecule, we postulate the existence of a one-electron Schrödinger equation, defined by special (Vqc) potentials, the solution of which generates a useful wavefunction (molecular orbitals) for the many-electron molecule. These special potentials are reported for individual atoms and functional groups. The potentials can be transferred to different molecules without modification. For a test set of molecules, including the large molecule chlorophyll-a, the energies of the predicted wavefunctions differ from the exact values by a maximum of 0.05 eV/valence electron pair and 0.02 eV/valence electron pair for single-determinant and CI wavefunctions, respectively. The molecular orbitals of the wavefunction are predicted by the potential method, but the energy calculations require all electron repulsion integrals.
If an improved single-determinant wavefunction is desired, it is possible to refine the description by in-situ variation of additional γ/r potentials in a molecule. Because the values of the γ charges are small, this calculation can be performed efficiently. Results of this Z-scaling refinement are reported for all molecules including the large systems chlorophyll-a and the Ti18O36 nanoparticle. Potentials for transition metals in several transition metal oxides are reported along with calculations on several low-lying excited states. The accuracy the Vqc method for the transition metal systems is comparable to that for the other systems. If one wishes to carry out a many-electron SCF calculation, the results of the potential method provide an excellent initial field. If a one-electron Hamiltonian is needed to describe a portion of a large system by other matrix element methods, the Vqc potentials provide a way to determine matrix elements. In future work, the potentials reported should be applied to a larger data base of molecules and their utility explored within a DFT framework. 
